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Nuclear forces and nuclear structure
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Effective field theories and energy scales
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Lattice effective field theory
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Chiral effective field theory

Construct the effective potential order by order
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a = 0.987 fm
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Fuclidean time projection
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Auxiliary field method

We can write exponentials of the interaction using a Gaussian
integral identity

exp [—%(NTN)QI >< (NTN)?
— \/;/_O; ds exp [—%SM\QS(NTN)] > sNTN

We remove the interaction between nucleons and replace it
with the interactions of each nucleon with a background field.

11



Gij(sa ST, ﬂ-I)
det G(s, sy, mr)
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Viewpoint: Uncovering a Quantum
Phase Transition in Nuclei

David J. Dean, Physics Division, Oak Ridge National Laboratory, Oak Ridge, TN 37831, USA

September 19, 2016 « Physics 9, 106

Simulations predict that the ground states of certain light nuclei lie near a quantum phase transition between a
liquid-like phase and a phase involving clusters of alpha particles.

APS/Alan Stonebraker

Figure 1: Lee and colleagues performed simulations of a nucleus in which they tweaked the interaction
between nucleons (protons and neutrons) [1]. They found that, depending on the form of the
interaction, the nucleus lay on either side of a quantum phase transition. The transition is between
(left) a phase in which protons and neutrons are evenly distributed (a Fermi liquid) to (right) a phase in
which the protons and neutrons cluster into alpha particles. Show less

13



A tale of two interactions

Two LO interactions, A and B, have nearly identical nucleon-nucleon phase
shifts and well as three- and four-nucleon bound states

Nucleus A (LO) B (LO) | A (LO + Coulomb)|| B (LO + Coulomb) | Experiment
*Be | —58.61(14) | —59.73(6) ~56.51(14) —57.29(7) ~56.501
120 ~88.2(3) | —95.0(5) —84.0(3) ~89.9(5) 92162
160 —117.5(6) | —135.4(7) —110.5(6) —126.0(7) —127.619
0Ne | —148(1) | —178(1) ~137(1) —164(1) —160.645

Elhatisari, Li, Rokash, Alarcon, Du, Klein, Lu, MeiB3ner, Epelbaum, Krebs, Liahde, D.L., Rupak,
PRL 117, 132501 (2016)
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Nucleus A (LO) B (LO) | A (LO + Coulomb) | B (LO + Coulomb) | Experiment
®Be —58.61(14) | [-59.73(6) —56.51(14) —57.29(7) —56.591
120 —88.2(3) | [—95.0(5) —84.0(3) —89.9(5) —92.162
160 —117.5(6) | |~135.4(7) —110.5(6) —126.0(7) —127.619
20Ne —148(1) —178(1) —137(1) —164(1) —160.645

E

%: = 1.997(6)
E

EZ{C = 3.00(1)
Ey

E;O = 4.00(2)
E

%}i = 5.03(3)

15



N

Bose condensate of alpha particles!
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Nucleus A (LO) B (LO) | A (LO + Coulomb) | B (LO + Coulomb) | Experiment
®Be —58.61(14) | [-59.73(6) —56.51(14) —57.29(7) —56.591
12 —88.2(3) ||—95.0(5) —84.0(3) —89.9(5) —92.162
160 —117.5(6) | |-135.4(7) —110.5(6) —126.0(7) —127.619
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Alpha-alpha scattering
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Control parameters: Sensitivity to interaction range and locality

>
X\‘\ A
Alpha gas Nuclear liquid

Elhatisari, Li, Rokash, Alarcon, Du, Klein, Lu, Meilner, Epelbaum, Krebs, Liahde, D.L., Rupak,
PRL 117, 132501 (2016)
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Essential elements for nuclear binding

What is the minimal nuclear interaction that can reproduce the ground
state properties of light nuclei, medium-mass nuclei, and neutron
matter simultaneously with no more than a few percent error in the
energies and charge radii?

We construct an interaction with only four parameters.

Strength of the two-nucleon S-wave interaction
Range of the two-nucleon S-wave interaction
Strength of three-nucleon contact interaction

Range of the local part of the two-nucleon interaction

N

19



Binding energy (MeV)
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B Exp. Rcn Exp.

SH  8.48(2)(0) 848 1.90(1)(1) 1.76
SHe  7.75(2)(0)  7.72 1.99(1)(1) 1.97
“He 28.89(1)(1) 283 1.72(1)(3) 1.68
%0 121.9(H)@3) 127.6 2.74(1)(1) 2.70
ONe  161.6(1)(1) 160.6 2.95(1)(1) 3.01
24Mg 193.5(02)(17) 198.3 3.13(1)(2) 3.06
28Si 235.8(04)(17) 236.5 3.26(1)(1) 3.12
OCa 346.8(6)(5) 342.1 3.42(1)(3) 348

Lu, Li, Elhatisari, D.L., Epelbaum, Meilner, PLB 797, 134863 (2019) 21



Pinhole algorithm

22



Seeing Structure with Pinholes

Consider the density operator for nucleon with spin ¢z and isospin j
pi.j(n) = al ;(n)a; ;(n)
We construct the normal-ordered A-body density operator
Pivryiaga (D1 0A) =1 piy gy (01) - piy ja(0a) :

In the simulations we do Monte Carlo sampling of the amplitude

Ay jringa(@u, - oma,t) = (Urle 20, o0 (g, omg)e T2 T)

23



Monte Carlo updates of pinholes

Monte Carlo
et . updates of auxiliary/pion fields

i167j1
6
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Q
[

°
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[ ]

T=1T;/2 SN

Elhatisari, Epelbaum, Krebs, Ldhde, D.L., Li, Lu, Meiiner, Rupak, PRL 119, 222505 (2017)
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Model-independent measure of alpha cluster geometry

For the carbon isotopes, we can map out the alpha cluster geometry
by computing the density correlations of the three spin-up protons.
We compute these density correlations using the pinhole algorithm.

Elhatisari, Epelbaum, Krebs, Lahde, D.L., Li, Lu, Meiiner, Rupak, PRL 119, 222505 (2017)
26
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Ab initio nuclear thermodynamics

Lu, Li, Elhatisari, D.L., Drut, Lahde, Epelbaum, Meilner, PRL 125, 192502 (2020)
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Ab initio nuclear thermodynamics

In order to compute thermodynamic properties of finite nuclei, nuclear matter,
and neutron matter, we need to compute the partition function

Trexp(—SH)

We compute the quantum mechanical trace over A-nucleon states by
summing over pinholes (position eigenstates) for the initial and final states

Tr O

1
= > (Olaiy ja(a) - as 4 (01) Oal, ; (n1)---af, . (1n4)0)

11°7A,J1° " JA,N1 N A
This can be used to calculate the partition function in the canonical ensemble.

Lu, Li, Elhatisari, D.L., Drut, Lahde, Epelbaum, Meifiner, PRL 125, 192502 (2020)
29



Metropolis updates of pinholes

s hybrid Monte Carlo
updates of auxiliary/pion fields
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T. = 15.80(0.32)(1.60) MeV
p. = 0.089(04)(18) fm

pre = —22.20(0.44)(2.20) MeV
P, = 0.260(05)(30) MeV fm ™

Lu, Li, Elhatisari, D.L., Drut, Lahde, Epelbaum, Meilner, PRL 125, 192502 (2020)
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Eigenvector continuation

D. Frame, R. He, I. Ipsen, Da. Lee, De. Lee, E. Rrapaj, PRL 121 (2018) 032501
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Figenvector continuation

We demonstrate that when a control parameter in the Hamiltonian matrix
is varied smoothly, the extremal eigenvectors do not explore the large
dimensionality of the linear space. Instead they trace out trajectories with
significant displacements in only a small number of linearly-independent
directions.

We can prove this empirical observation using analytic function theory and
the principles of analytic continuation.

Since the eigenvector trajectory is a low-dimensional manifold embedded in

a very large space, we can find the desired eigenvector using a variational
subspace approximation.

D. Frame, R. He, I. Ipsen, Da. Lee, De. Lee, E. Rrapaj, PRL 121 (2018) 032501
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Consider a one-parameter family of Hamiltonian matrices of the form
H (C) =H 0+ cH 1
where Hy and H; are Hermitian. Let the eigenvalues and eigenvectors be

H(c)[y;(c)) = Ej(e)[¥;(c))

We can perform series expansions around the point ¢ = 0.

ZE() )" /n!
¥ (c) ZW ))c™ /!

This is the strategy of perturbation theory. We can compute each term in
the series when the eigenvalues and eigenvectors of H, are known or
computable.

37



Perturbation theory

convergence region
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Bose-Hubbard model

In order to illuminate our discussion with a concrete example, we consider

a quantum Hamiltonian known as the Bose-Hubbard model in three
dimensions. It describes a system of identical bosons on a three-dimensional
cubic lattice.

H=—t Y af(m)a(m) + o 3 pm)lom) — 1]~ uY p(n)
(n’,n) n n

p(n) = af (n)a(n)

The parameter ¢ controls the hopping the bosons on the lattice, and U is the
single-site pairwise interaction. We set the chemical potential to be

@ = —6t

39



Ey/t

Perturbation theory fails at strong attractive

coupling

exact energies ¥
perturbation order 1 - - - -
perturbation order2 --------
perturbation order 3 — - —
perturbation order 4 ——
perturbation order 5 — - -
perturbation order 6 - - -

Ui
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Ey/t

Restrict the linear space to the span of three vectors
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Rec

5(c)) = lim ZZW*""

nOmO

w(c—w)"/(m!n!)
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w(c—w)"/(m!n!)
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The eigenvector can be well approximated as a linear combination of a
few vectors, using either the original series expansion

[¥;(c) Z W(n ))c"/n!

or the rearranged multi-series expansion we obtained through analytic
continuation

5(c)) = lim ZZW*W’ w™ (¢ — w)"/(m!nl)

nOmO

As c is varied the eigenvector does not explore the large dimensionality of
the linear space, but is instead well approximated by a low-dimension
manifold.



We can “learn” the eigenvector trajectory in

eigenvector continuation to another region

Ey/t

one region

and perform

exact energies

EC with 1 sampling point
EC with 2 sampling points
EC with 3 sampling points
EC with 4 sampling points
EC with 5 sampling points
sampling points

2 -1 0
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Applying eigenvector continuation to more than one eigenvector at a time

accelerates convergence near avoided level crossings.
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Physics Letters B

Volume 810, 10 November 2020, 135814

Eigenvector continuation as an efficient and
accurate emulator for uncertainty quantification

S. Kénig » < 2 & A Ekstrom “ &, K. Hebeler * * &, D, Lee * &, A. Schwenk &

_10 - T T T T T T T I N T T T T T T
F fiw = 36, Npax = 16 _14F 3 dimensions, 12 training data _
—12F 7 @ Eigenvector Continuation
%\ 14 _ ] = _15 ] Polyllt?nlial Interpolation ]
= I 3 Y  Gaussian Process
= [ = [
= _16- T = L
RS » S —16 :
I3 i S [
= —18F 1 =
: =
~—20f ] E-rp :
.S - .S [
Z _oof 1 & _ .|
§0 [ 3 dimensions, 12 training data 5 —18[ ]
Q L L
M o} @ Eigenvector Continuation - & I
[ B Polynomial Interpolation —-19 - -
—26 - I Y  Gaussian Process _ hw = 36, Nypax = 16
o1 —22 -2 -18 -16 -14 -12 19 18 —-17 —16 -1, -1
Exact value (MeV) Exact value (MeV)

Figure 1. Comparison of different emulators for the *He ground-state energy using 12 training data points to explore a space
where three LECs are varied. The left panel includes samples for both interpolation (solid symbols) and extrapolation (semi-
transparent symbols). See main text on how these are defined. The right panel shows the same data restricted to interpolation
samples (note the smaller axis range).
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Figure 2. Comparison of different emulators for the *He
ground-state energy using 64 training data points to explore
a space where all 16 LECs are varied.
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arXiv:2007.03635 [pdf, other] cond-mat.mtrl-sci hep-lat hep-ph nucl-ex _ 10.1016/j.physletb.2020.135719
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Summary and outlook

We have found evidence that nature is
close to a quantum phase transition
between nuclear liquid and Bose gas of
alpha particles.

We have constructed a minimal nuclear
interaction that can reproduce the ground
state properties of light nuclei, medium-
mass nuclei, and neutron  matter
simultaneously with no more than a few
percent error in the energies and charge
radii. We have used the pinhole algorithm
to study nucleon densities and clustering.
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First principles calculations of nuclear
thermodynamics using the pinhole trace
algorithm are possible. We have mapped
out the nuclear liquid-gas phase diagram
and are studying alpha clustering as a
function of density and temperature.

We are using eigenvector continuation to
perform calculations for systems where
Monte Carlo sign oscillations would
otherwise make the calculation impossible.

Eigenvector continuation is being used by
several different groups for uncertainty
quantification, emulators for the quantum
many-body  problem, emulators  for
scattering, resummation method for many-
body perturbation theory, etc.
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