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Nuclear forces and nuclear structure
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Density functional methods

Microscopic A-body methods

Lattice quantum chromodynamics

Effective theory of collective modes

Chiral effective field theory

Configuration interactions

W. Nazarewicz

Effective field theories and energy scales

Mean field methods
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Lattice effective field theory
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Review: D.L, Prog. Part. Nucl. Phys. 63 117-154 (2009)
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Construct the effective potential order by order
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Contact interactions

Leading order (LO) Next-to-leading order (NLO)

Chiral effective field theory
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Euclidean time projection



We can write exponentials of the interaction using a Gaussian 
integral identity

We remove the interaction between nucleons and replace it 
with the interactions of each nucleon with a background field.

11

Auxiliary field method
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A tale of two interactions
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Two LO interactions, A and B, have nearly identical nucleon-nucleon phase 
shifts and well as three- and four-nucleon bound states

Elhatisari, Li, Rokash, Alarcon, Du, Klein, Lu, Meißner, Epelbaum, Krebs, Lähde, D.L., Rupak, 
PRL 117, 132501 (2016)
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Bose condensate of alpha particles!
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Alpha-alpha interaction not uniquely determined by low-energy few-body data
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Control parameters: Sensitivity to interaction range and locality

Elhatisari, Li, Rokash, Alarcon, Du, Klein, Lu, Meißner, Epelbaum, Krebs, Lähde, D.L., Rupak, 
PRL 117, 132501 (2016)



Essential elements for nuclear binding

What is the minimal nuclear interaction that can reproduce the ground 
state properties of light nuclei, medium-mass nuclei, and neutron 
matter simultaneously with no more than a few percent error in the 
energies and charge radii? 

We construct an interaction with only four parameters.

1. Strength of the two-nucleon S-wave interaction
2. Range of the two-nucleon S-wave interaction
3. Strength of three-nucleon contact interaction
4. Range of the local part of the two-nucleon interaction
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Pinhole algorithm
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Seeing Structure with Pinholes

Consider the density operator for nucleon with spin i and isospin j

We construct the normal-ordered A-body density operator

In the simulations we do Monte Carlo sampling of the amplitude
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Model-independent measure of alpha cluster geometry  

For the carbon isotopes, we can map out the alpha cluster geometry 
by computing the density correlations of the three spin-up protons.  
We compute these density correlations using the pinhole algorithm.
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Elhatisari, Epelbaum, Krebs, Lähde, D.L., Li, Lu, Meißner, Rupak, PRL 119, 222505 (2017)
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Ab initio nuclear thermodynamics
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Lu, Li, Elhatisari, D.L., Drut, Lähde, Epelbaum, Meißner, PRL 125, 192502 (2020)



We compute the quantum mechanical trace over A-nucleon states by 
summing over pinholes (position eigenstates) for the initial and final states  

Ab initio nuclear thermodynamics
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This can be used to calculate the partition function in the canonical ensemble.

In order to compute thermodynamic properties of finite nuclei, nuclear matter, 
and neutron matter, we need to compute the partition function 

Lu, Li, Elhatisari, D.L., Drut, Lähde, Epelbaum, Meißner, PRL 125, 192502 (2020)
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Lu, Li, Elhatisari, D.L., Drut, Lähde, Epelbaum, Meißner, PRL 125, 192502 (2020)
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Eigenvector continuation
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D. Frame, R. He, I. Ipsen, Da. Lee, De. Lee, E. Rrapaj, PRL 121 (2018) 032501



We demonstrate that when a control parameter in the Hamiltonian matrix 
is varied smoothly, the extremal eigenvectors do not explore the large 
dimensionality of the linear space.  Instead they trace out trajectories with 
significant displacements in only a small number of linearly-independent 
directions.  

Eigenvector continuation

We can prove this empirical observation using analytic function theory and 
the principles of analytic continuation. 

Since the eigenvector trajectory is a low-dimensional manifold embedded in 
a very large space, we can find the desired eigenvector using a variational
subspace approximation.
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D. Frame, R. He, I. Ipsen, Da. Lee, De. Lee, E. Rrapaj, PRL 121 (2018) 032501



Consider a one-parameter family of Hamiltonian matrices of the form

where H0 and H1 are Hermitian.  Let the eigenvalues and eigenvectors be
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We can perform series expansions around the point c = 0.

This is the strategy of perturbation theory.  We can compute each term in 
the series when the eigenvalues and eigenvectors of H0 are known or 
computable.
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Perturbation theory

convergence region
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Bose-Hubbard model

In order to illuminate our discussion with a concrete example, we consider
a quantum Hamiltonian known as the Bose-Hubbard model in three 
dimensions.  It describes a system of identical bosons on a three-dimensional
cubic lattice.

The parameter t controls the hopping the bosons on the lattice, and U is the 
single-site pairwise interaction.  We set the chemical potential to be
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Perturbation theory fails at strong attractive coupling
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Restrict the linear space to the span of three vectors
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analytic continuation



The eigenvector can be well approximated as a linear combination of a 
few vectors, using either the original series expansion
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or the rearranged multi-series expansion we obtained through analytic 
continuation 

As c is varied the eigenvector does not explore the large dimensionality of 
the linear space, but is instead well approximated by a low-dimension 
manifold.
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We can “learn” the eigenvector trajectory in one region and perform 
eigenvector continuation to another region
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Applying eigenvector continuation to more than one eigenvector at a time 
accelerates convergence near avoided level crossings.
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Summary and outlook

We have found evidence that nature is
close to a quantum phase transition
between nuclear liquid and Bose gas of
alpha particles.

We have constructed a minimal nuclear
interaction that can reproduce the ground
state properties of light nuclei, medium-
mass nuclei, and neutron matter
simultaneously with no more than a few
percent error in the energies and charge
radii. We have used the pinhole algorithm
to study nucleon densities and clustering.
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First principles calculations of nuclear
thermodynamics using the pinhole trace
algorithm are possible. We have mapped
out the nuclear liquid-gas phase diagram
and are studying alpha clustering as a
function of density and temperature.

We are using eigenvector continuation to
perform calculations for systems where
Monte Carlo sign oscillations would
otherwise make the calculation impossible.

Eigenvector continuation is being used by
several different groups for uncertainty
quantification, emulators for the quantum
many-body problem, emulators for
scattering, resummation method for many-
body perturbation theory, etc.
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